The aim of this paper is to prove that for any unbounded chain complex Y in the category Ch(R) of chain complexes whose homology modules H i (Y ) are of finite type has a minimal projective resolution where R is a commutative hereditary local ring.
Introduction
Let R be a commutative hereditary local ring with maximal ideal m and residue field K = R/m. Now we recall some basic definitions.
Definition 1.1. A chain map f : X −→ Y is called a q-isomorphism if the maps f : H n (X) −→ H n (Y ) are all isomorphisms.

Definition 1.2. A projective resolution of a chain complex Y is a q-isomorphism P −→ Y such that each P i is a projective R-module.
Definition 1.3. A chain complex
We note that for a chain complex
The following result is important and will play a major role in proving the minimal part of the main theorem of this paper. It is [ In [1, Theorem 2.4], it is proved that any bounded below chain complex Y in Ch(R) whose homology modules H i (Y ) are of finite type has a minimal projective resolution when R is a commutative noetherian local ring.
We think it is not well known and we include its proof for the reader's convenience and for comparison with our result.
Theorem 1.7. Let Y be a bounded below chain complex of finite type in Ch(R). Then there is a minimal projective chain complex G in Ch(R) and a
Proof. We prove this theorem using induction. If i 0 is such that H i (Y ) = 0 for i ≤ i 0 , then we can let F i = 0 for i ≤ i 0 and the zero map in degrees
Now assume that we have defined finitely generated free R-modules F i and maps f i for i ≤ n such that the following diagram
Now we construct F n+1 and f n+1 such that (a) and (b) hold for n + 1. First note that Ker(g) maps to B n (Y ) since we have the following commutative diagram with exact rows.
We have that the Ker(g) is finitely generated since R is noetherian. 
That is, the following diagram 
where the dotted arrow exists since E 2 is free. Let the map h 2 :
Then we can see that the following diagram 
This means that we have a diagram
Denote the chain map between F n and Y by f n . Now define Q = ⊕ n F n and g = ⊕ n f n . Therefore,
We can see that Q is projective chain complex since for each n, Q n = E n,0 ⊕ E n−1,1 .
Note that we have d(Q n ) ⊆ mQ n−1 . Therefore, Q is a minimal chain complex. Hence, there exists a minimal projective chain complex Q and a q-isomorphism g : Q −→ Y .
